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Abstract. Let F be a non-arithmetic distribution on the line R, and W be the class of bounded 
functions UJ without discontinuity of the second kind such that 
min{w(t - O),w(t + 0)) 5 w(t) 5 max{w(t - 0), w(t + O)}, vt E R. 
In this paper, we show that the solution of the homogeneous renewal equation w = w * F in 
the class W is a constant-function. 
The purpose of this paper is to prove the following 
STATEMENT. Let w : R -+ R be a bounded regular function and 
w(t) = 
I 
w(t - t)F (dir), vt E t3, 
II 
where F is a non-arithmetic probability measure on R. Then w(t) = constant Vt E R. 
Here the function w : R + R is called regular if 
1) the set D, of points of discontinuity is at most countable and 
2) liminfw(z) 5 w(u) 5 lim sup w(z) as R\& = C, 3 z + a, Vu E R. 
REMARKS: 
If a function w : R -+ R has left-hand and right-hand limits with min{w(t - 0), 
w(t+ 0)) 5 w(t) 5 max{w(t -O), w(t+O)} then the function w is regular. Blackwell 
theorem (the essential result of the theory of renewal processes) follows from this 
statement. 
If F is concentrated on [0, co) and is uniformly continuous, this statement is proved 
in W. Feller [l]. 
Skorohod [2]. 
there exists E-net 
of the function w 
If F is continuous, this statement is proved in 1.1. Gikhman, A.V. 
Main part of the proof consists of a verification that V’E > 0 
(213 + nh : n E I} C Fp with 0 < h < E such that the values 
at the points of this net are coincident. 
PROOF: The proof is divided into items 
ITEM 1: We show that 
J Iw(t) - w(t - x)lF dz = 0, vt E R. R (1) 
(1.1) Let (t;lh>l be a sequence of i.i.d. (independent identically distributed) by F, r.v. 
(random variable), and t, = z1 +. . + + z,. We have 
w(t) = Ew(t - z,), VnLl, tER. 
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putting & = uJ(t - t”), n>l,weshowthat(<) ,, nzi is a bounded martingale with 
respect to (F,),zi, where F,, = u(zl,. . . , L,) = a(tl, . . . ,t,,). Really a.s. (almost 
surely) 
E(&+rIF,,) = E{w(t - t, - m+rlFn} = EW(t - z - zn+l)l+=t, 
= w(t - 2)]z=tn = zu(t - tn) = tn. 
(l-2) 
(1.3) 
(1.4) 
As (<n)nli is bounded martingale then there exists lim<, = [ E L’ (a.s.). As, in 
addition, &, is the symmetric function of zi, . . . , r,, then we have t = constant a.s. 
Here we have used the following proposition, see in [2, Chapters 3-41: let (<n)nzr be a 
sequence of i.i.d. random elements of (X, A), Cn = f,,(<~, . . . , &) where the function 
f,, : X” + R is measurable and symmetric Vn > 1; if <,, -+ < in probability then C = 
constant a.s. 
Thanks to the Lebesgue theorem, we have E& -+ Et = < a.s. and E&, = E& = w(t). 
It gives t = w(t) a.s. 
At last, a.s. 
w(t) = [ = nl@m ~(t - t,+i) = &nW w(t - 21 - (z2 + . . . zn+l)) = w(t - %I) 
from which (1) follows. 
ITEM 2: Show that 
2u(20) = zo(zo + a) 
for each element a E supp F and for each point x0 of continuity of the function 20. 
In fact, the function w is continuous at the point t - a = x, and therefore, the function, 
R 3 x H c(z) = w(t) - w(t - x) E R, 
is continuous at the point a. It should show that c(a) = 0. If c(a) # 0 then VE > 0 36 > 0 
such that ]c(z)] 2 E when x E U = {x E R : 15 - al < 6) from which it follows 
0 = J. ]w(t) - w(t - z)lF (dz) 2 / c(x)F (dr) > cF((a - b,a + a)) 
(a-6,0+6) 
but it contradicts a E supp F. 
ITEM 3: By the assumption, the set D, of points of discontinuity is at most countable. 
Show that for any finite al,. . . , a, from R there exists 20 E R such that 
lO+~p~oi ECw=R\D,, Vpi E I. 
1 
(Here I is the set of integers.) Indeed, on the contrary, 3 al,. . . , a, E R that VZO E R, 
SPl,... , p, E I such that xo + C piai E D, . Putting 
E(PI, . . . , pn)={xoER:xo+CpioiED~}=D,-Cpi~i, 
we have that every E(pi, . . . , pn) is a coutable set and the (countable) union (by n E N+ 
and pi E I) of these sets makes all the space R, but it is not possible. 
ITEM 4: For any points al,, . . , a, of supp F and for any point x0 of C,,, we have 
w(XO + 2 pi&) = w(xo), Vpi E N. 
1 
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Indeed, when pi # 0, it follows from Item 2 by using Cpiai instead of a, F’” instead of F, 
where k = p1 + * - * + p,, , and since w = w*Fgk and C piai E supp Fek. 
ITEM 5: For any al, . . . , a, of supp F there exists a point CO of C, such that 
dzO + CPiai) = W(50), Vpi E I. 
Indeed, choose zo by Item 3 and use Item 4. We have 
~(20 + Cpiaj) = w[(to - CPrai) + CP+ail = W(zo - CDi), 
w(zo) = w[(zo - Cprai) + CP;ail = W(20 - CPFai) 
since $0 - CpLai E C, and pr E N, pf E N. Here, r+ = max(O,z), z- = min(O,z). It 
gives the required equality. 
ITEM 6: Let G be minimal group (with respect to the addition on R) containing the support 
of the distribution F. Show that for any element h of G there exists x0 of C, such that 
4x0 + qh) = 4x0), vq E I. 
Indeed, each element h of G has a form 
h = &jai, 
1 
where pi E I, ai E supp F. Now the point x0 is chosen by Item 5. 
ITEM 7: Show that V’E > 0 there exists E-net A for R such that the values of the function 
w at the points of this net are coincident. As the closure of the group G coincides with R 
(because F is non-arithmetic) then 3 h E G such that 0 < h < E. It remains to choose xo 
due to Item 6 and to put 
A = {x,, + qh : q E I}. 
ITEM 8: Now the statement follows from the preceding one (and from Property 2) of the 
regularity of the function w : if w(i) # constant then 321 and 22 of continuity of the 
function w such that w(xl) # w(x2). 
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